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ABSTRACT: Mathematical models of thermo control processes in a rectangular plate
are considered. In the model under consideration, the temperature inside a plate is
controlled by heat exchange through one boundary while the other three are insulated.
The control parameter is a function that satisfies certain integral equations. Sufficient
conditions for achieving the given projection of the temperature at a fixed point on the
plate and given average temperature are studied.

ABSTRAK: Model matematik bagi proses kawalan suhu dalam bekas segi empat tepat
telah dipilih. Melalui model ini, suhu bekas dikawal dengan menukar haba melalui salah
satu sisi bekas, manakala tiga sisi lain telah ditebat. Parameter kawalan ini ialah fungsi,
di mana ia sesuai dengan persamaan sesetengah integral. Keadaan sesuai bagi mencapai
suhu tetap bekas seperti cadangan dan suhu purata yang diberikan turut dikaji.
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1. INTRODUCTION

Many physical processes and engineering problems are described by heat/diffusion
equations and the study of the properties of the solutions is important. Methods of the
solutions of various boundary value problems and problems with the initial conditions can
be found in [1]. For the first time, a detailed explanation of the problems of control of the
system with distributed parameters, described by partial differential equations were given
in [2].

In recent years, interest in the study of a system with distributed parameters has
increased significantly. In works [3-5] by II’in and Moiseev, the questions of boundary
control by the various systems described by a wave equation are studied. Notable works
[6, 7], studied problems related to the process of control associated with the equations of
parabolic type, particularly the heat transfer process.

Equation (1), in the homogeneous case, describes the problem of heat control studied
by Alimov in [8-12]. The problem for the non-homogeneous equation (1), in the case of
heat transfer, is a rod studied in [13].

2. FORMULATION OF PROBLEMS

Consider the non-homogeneous heat equation
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_,2 (1)
up=a (g +uy )+ fxpt), 0<x<l, 0<y<l,, t>0
with the boundary conditions
u(,y,t)=u(t), u(,y,t)=0, 2)
u(x,0,0)=0, u(x,l,r)=0, 120
1(0)=0, |u@)|sM
and initial conditions
u(x,,0) = p(x,), 0<x<l, 0<y<l, 3)

where ¢(x,y) — a given function and M — a positive number.

It is known that the boundary condition (2) means u(?) heat entry from the x = 0 side
of the rectangle and zero temperature kept in other sides. In the present paper we study

following problems:

Problem 1: Let B > 0 be given number. It is required to find such a temperature u(?)
that problems (1) — (3) has a solution satisfying following integral relation (Fig. 1):
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Fig. 1: Total heat.

(4)

Problem 2: Let B > 0 be a given number. Find a temperature u(?) such that the
problem (1) — (3) has a solution that at time ¢ at inside point A(x,,y,) satisfies the

condition (Fig. 2):

u(x,,y,.t)=5B

()
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u(x,,y,,t)=5B

oy

v

Xo

Fig. 2: The temperature at point (x,,y,) .

Problem 3: Now we consider equation (1) with the initial condition (3) and the
boundary conditions as follows

u(0,y,0)=0, u(l, y,0) = pu(?),
u(x,0,0)=0, wu(x,l,,t)=0, 120 6)
u0)=0, [u@)<M

Let B > 0 be a given number. Find a temperature x(?) such that problems (1), (3), (6)
have a solution that satisfies (4).

Note, that boundary condition (6) means that heat flow u(#) is coming from the
boundary x = /i other boundaries kept with zero temperature.

3. THE SOLUTION OF PROBLEM 1

In this section we solve problem 1.

Theorem 1: Let B > 0 be given number. At the time 7 a solution of the problem (1) —
(3) satisfying the condition (4) if for the function x(?) following equality is true:

[ Kt 0u(z)dr = (1) 7
where
2
K(Ar)—mzZZ[l (-1’ ]g—<—1) I 1 eyt ertmeten ®
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Proof: Solution of the problem (1) — (3) can be represented as following series:

u(x, y,t)=U(x,y,t) + ii[fnm () + cnm] G’ i a,x-sinf3,y,

n=1 m=1
where
I —x .
(t) if O<y<l
U(X, y:t) = ll lu f y ?

0 lf yZO,y:lz

Ta0=2[]]| e m)ﬁf L4l(7) [sina, & sin B, ¥ T dé dr

2000

o - 771 . B :73_"1 and ¢ 1isdefined by (11).
1 2

According the Theorem a solution should satisfy condition (4) which means

Ll l 12

B= I_[u(x v, t)dydx =

00

Ll

+” iZ fnm(t)+cnm] ~Cn? "sina,x-sin 8, ydydx.

00 n=lm=l

)

(10)

(11)

(12)

(13)

(14)

In the second term, we change the order of integration and summation after evaluation to

get

5= ) 153570+ Jer e L CDLZCD”

n=1 m=1 n m

Then from (14) and (10) obtain
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(t)+”2 ZZ[ﬂm(tHc J (@)’ [1_(_1),1][1_(_1)»1] +

n=1 m=1 nm

;ll’u'(z_)e—(ﬂvnma)z (t-1) Sil’l anx . Sin ﬂmydydxdz-:l X

JLr-eorievr]

nm

Due to x(0) = 0 the last integrals can be evaluated as follows
l A a)? A, a)*t 2 t A,,a)>
J.ﬂ'(,z-)e( nm4 sz- — ﬂ(t)e( nm% _(lnma) J./,I(T)e( nm@ rdT,
0 0

h

jsmﬂ ydy =—=- L [1 (-1y" ]

0

Ul

!

0 1

. [
sina, xdx =——--

mn

Thus, we have

o+ B33 10+, ]u,,,,,a)z,[1—(—1)@[1—(—1)’”]_

n=l m=1 nm

n m 2
4”222{;1@) (m,ﬂ)zjﬂ(T)e_”"mMz(f—f)dz}[1_(_1)nlglqz_(—l) I8
0

n=1 m=1

Write the last equation in a form

nm

Ty MO %ii[fm (t)+ cnm}ewmaﬁ =1 |[1=¢1" ] )

4ll <
+
l1j1(2 _1)(2 )

al, e [1-Ey -c ] 2 -G 1=2)
+J-lu(z') iy ZZ P (/Q/nma) e \nm dar.

After evaluation of the series in third term and taking into account following notations

b

=<1y 1= T
K. )_411222[ (- )]Enz( )]( g

n=1 m=1
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GO =153 S i) +e, Jo v - =)

2
nm

n=1 m=

—_

To obtain

” u(t)— 32] L u(t)- ?2 e j K(t,7) u(v)dt + G(t) -

Thus we obtain the following integral equation
t
[ K0z =B-G@).
0

If we denote g(r)=B-G(r) then

[K@.oudz =g

Theorem 1 is proven.

4. THE SOLUTION OF PROBLEM 2

In this section we study problem 2.

Theorem 2: Let B > 0 a given number. At time ¢ a solution of the problem (1) — (3)
satisfies the condition (5) if function u(?) satisfies following integral equation

[ Koyt 0u(2)dr = g(0), (15)
0
where

K(xo,yo,t,f)—izii[ Sl }[(ﬂnma) Fe im0 sing,x, -sin 8,5,

n=1 m=1

g(t) =B - ii[ﬁ1m (t) + Cnmi| (Aﬂma) t sin a,X, sin ﬂmyo :

n=1 m=1

Proof: 1t is known that a solution of problems (1) — (3) has the form of (13). Let this
solution satisfies condition (5). Then obtain the following equality

— o () +

1

+ii[ﬁm(z‘)+cnm] ~Chma)? ‘sina, x, -sin By, .

n=l m=1

B=u(x,,y,,t)= h

Using equality (14) obtain following
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I, — _ 2, )

B= [fnm () +c, ] (Zam®"1 gin a,x,-sinf y, +
n=1 m=1
oo oo t !
rf 5_11 ’ ~(Apma@)* (1=7) _x . dnd&d
”j 7 1'(7)e sina, & -sin B, ndnd&dr | x
2 n= l m=1{ 000 1
2 . .

xe m  sing x-sin B, y, .

As it was done in the previous problem, by evaluation of the integrals, we obtain following
equality

lel_ o

w(t)+G(x,,y,,t) -

1

o o []— ‘ .
—%ZZ[ - )J{ﬂ(t)(lnma)zfu(r)e”"m“) (”)df}sina”xo~sinﬂmyu

where

G(x,y,0=3Y

n=1 m=1

1

£ (H+c,, ] ~Cn? "sina,x, -sinf3,y, -

From this we get

Bzi:&y@+Gum%ﬁ—

I,
4 _ sin m;”n . 2sin7zy”(12k_1)
_ t 1 2
7’ H(0) Z;' n ,; 2k -1

+I,u(z') %iiw[(&ma)ﬂ ) (1) sine, x, -sin B, y, |dt-

T nm

By evaluation of the series in the third term and using following notation

K(x,,¥,,t, T)—iziiw[(inm ) J () (1= Dsina,x, -sinf,y,

nm

n=1 m=1

obtain

B’ () =% oy + fK(xo,yo,z (DT + G, 7,00) =

1

- J K (%, y, D) HET + G, ,0).
0
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If we denote g(¢) =B —G(x,,y,,t), the obtained integral is equation (15). Theorem 2 is
proven.

S. THE SOLUTION OF PROBLEM 3

In this section we find the solution of problem 3.

Theorem 3: Let B > 0 be a given number. At a time ¢, the problem (1), (3), (6) has a
solution that satisfies (4) if u(?) a solution of the following integral equation

[K(@t.0u(r)dr = g(2) (16)
where
o o (=) 1= (=1)" || 1= (=1)"
k=Yg 5 OV VT i,
n=1 m=1 nm

1(1>][1 D"

nm

thh
fu=--]] j FEm,e)sin T sin T o i

2000 2

I

- j jg,,
%ZJ(”T?T%’%"’T'

Proof: We know that a solution of the problem (1), (3), (6) as follows

§ ”THdndf,

2

u(x,y,t)=U(x,y,t)+ii[fnm(t)+cnm] ~han)” "sing,x-sin 3,y (17)

n=1 m=1
where
—u(t) if O<y<l
Uxayt) = lﬂ() if y<i, ’
0 if y=0 and y=I,

tl]lz

fn,,,a)—— J1] {f(é U,T)——ﬂ(f)}sma &-sin B, dndé d. (18)

2000

According to the conditions of theorem 3, a solution (17) must satisfy (4) which means
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)

B= .”u(x v,t)dydx —J.J. u(t)dydx +

00 1
Wb v o
+jj22[ﬁm(t)+cnm] ~Can)? "sing, x-sin B, ydydx -
0 0 n=1 m=1

In the second term, change the order of summation and integration after evaluation of the
integrals to obtain the following

w0+ 123 S 70+, Je e IEEDIZED

n=1 m=1 n m

From (18) and (8), obtain

© o0 . 5 1_ _1 n_ _ _1 m
B WSS v Jovor LTI

n=1 m=1 nm

o | thh

__ZZ J._” H(z)e G’ 1-5) sina, x -sin S8, ydydxdr |x

n=l m=1 000

X[l—(—l)”}[l—(—l)’"]

nm

Taking into account

t t
jﬂ'(r)e(ﬂnnla)zrdz' — ﬂ(l‘)e(/lnma)zt _ (/’lnma)zj.ﬂ(z-)e(inma)zz'dz- ,
0 0

b

| smﬂmydy— [1 G I%sinanxdx:%(—l)””.

0

From the last equality, by introducing the notation

GO =153 3 0,0 Je " (e i-en]

nm
Obtain the following equation
B :%,u(t)+ G(t)—
+ m1?
4k 0S o (<1)"]1- (D]D—en]_+
n=l m=1 n m
2

’ 411 D" =D 1= (D" s
+j,Ll(2') 1°2 ZZ |: - m;”: j| ( )2 (ﬂ'nm ) (t ) dT.

0 n=l m=1

By evaluation of the series in the third term and by denoting
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4l 5 1=y -]

n=1 m=1

2
K(tg T) = (lnma ze_(/lnma) (1-7)

4 2.2
T nm

obtain
t
J’ K(t,7)u(t)dr = B - G(t)-
0
If we denote g(?) = B-G(t) then we obtain integral equation (16). The theorem is proven.

6. CONCLUSION

The results of this study have been analyzed and it can be concluded that both a fixed
average amount of heat and a fixed heat at a given internal point of the rectangular plate
can be controlled from the one of the boundaries. In this paper, a control function must be
a solution of the integral equations found in this study.
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