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Abstract: Solution to a problem of half-space subjected
to anti-plane surface disturbance via Cagniard-de Hoop
method has been investigated. The solution is very
much dependent on the choice of branch cuts, branches,
and their behavior along the appropriate selected
contour. Investigations show that the contour, which
simplifies the inversion integral, may or may not exist
in some quadrants of &-plane and is very much
dependent on the position of the point & Consequently,

the solution is the Hankel function of first kind
LIe

2HO (k r).
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1. INTRODUCTION

Surface disturbances give rise to waves. Waves are a
ubiquitous and important feature of the physical world,
and throughout the history it has been a major challenge
to understand them. They can propagate on surfaces of
solids and of fluids. Chemical waves control the
heartbeat. In recent years, elastic waves transmitted
through the human body have been used for medical
diagnoses and therapy. Waves propagation as one of
basic phenomena in solids is of both theoretical and
practical importance. Waves propagation in elastic
solids is a very broad and attractive research field. The
study of waves propagation in elastic solids has a long
and distinguished history™.

Cauchy and Poisson have studied the propagation of a
disturbance in an elastic aether as early as middle of the
19" century. Their contribution and work is now,
generally known as the “theory of elasticity”. Early
investigations on the propagation of waves in elastic
solids have been carried out by Cauchy, Clebsch,
Christoffel, Green, Lame’, Ostrogradsky, Poisson, and
Stokes. This work has been briefly discussed in the
book “The mathematical theory of elasticity” written by
Love. Another classical book is by Timoshenko.
Lamb, Love, and Rayleigh contributions in this area are
of significant importance.

Many professionals in engineering, physics, geology,
mathematics, and life science encounter problems
requiring an understanding of elastic waves. The study
of wave propagation in elastic solids have stimulating
and wide-ranging engineering applications, such as
earthquake phenomena, nuclear explosion, seismology
8 structure under high rate of loading, high-speed
machinery, ultrasonics and piezoelectric, material

science, applied mechanics, in-situ safety and reliability
control of complex structural components by acoustic
emission, quantitative non-destructive material testing
by ultrasonics, dynamic fracture mechanics, fluid
mechanics, aerodynamics, anistrophy, geophysics, and
elastodynamics!”, etc. For other significant
contributions in the field of engineering, reader is
encouraged to consult references %%,

Parallel to the study of waves in elastic solids, the
propagation of waves has also been investigated within
the context of applied mathematics, electromagnetic
theory and acoustics™ %,

Exposure to mathematical formulation of governing
equations of wave motion is essential to understand the
basic principles of wave motion in solids. A wide
range of problems in this area has been studied based
on mathematical, physical, experimental and numerical
approaches. Consequently, large numbers of methods
have been developed in this domain. Currently, the
most commonly used methods are finite differences,
finite elements!®” 21 | spectral methods and boundary
elements, soap-film method, photo elastic method,
integral  transform, discrete  Fourier transform,
Maliuzhinets” method, numerical modeling, Wiener-
hopf technique, and Cagniard-de Hoop method.
Numerical modeling of elastic waves is important in
many applications, such as geophysics, non-destructive
testing, and fluid-structure interaction. The Wiener-
hopf technique® has, since its invention in 1931,
proved to be an elegant method in engineering and
mathematical physics. Advantage of this method is that
it provides an exact solution of integral equations.
Geophysics, elastic and electromagnetic waves,
diffraction of acoustic, fracture mechanics etc. are in
the domain of its applications. Parallel to Wiener-hopf
technique, an immensely important method is the
Cagniard-de Hoop method. It is within the context of
the application of Laplace transform but a considerable
amount of complex analysis is required. This method
was firstly established by"® and then modified by de

Hoop™!.

2. BACKGROUND

Achenbach ™" has used the Cagniard-de Hoop Method
to solve a problem of half-space subjected to anti-plane
surface disturbance i.e., he considered the half-space y
> 0 subjected to the surface disturbance of the form (at
y=0)

t, =

mT (x) e

@)

29



IIUM Engineering Journal, Vol. 2, No. 2, 2001

M Azram

Where t, is the Shear Stress, p is elastic constant,

T(x) is the strain, w is the circular velocity, and t is the
time. The anti-plane shear disturbance generates a
deformation which is governed by

1w
1x° *

T'w _ 17w
Ty> o ft*
Where w(x,y,t) is the displacement in z-direction and cy
is the transverse velocity. If the surface disturbance has
been operating for a long time, it is reasonable to

assume that a steady state has been reached, and we
may consider the displacement in the form

@

w(xy,t) = w(x,y)e™ @)

The governing equation for w(x,y) follows from (2) as a
boundary value problem

2, 2,
w 4)
— =T O
Ty <o
where k; = CTﬂis the wave number, exponential
Fourier transform along with inverse transform are
defined as;
* N ¥ ixx
f(x)= 0,¢ f(x) dx (5)
f)= 28 e ™ o d 6
(0= 550, & " 1700 dx (6)

Exponential Fourier transform (5) applied to (4) yields;

T (X) e' - szy (7)
X2 - K

where T “(x) is the Fourier transform of T(x). Since the
solution \*N(x,y) is required to be bounded as y—o,
hence, w (&y) in (7) is made bounded as y—w by
making the multiple-valued function /x*- k7 as
single-valued by introducing the branch cuts emanating
from the branch points & = +k;. Branches are chosen

such that Re(yx* - k?) is non-negative on the real &-

axis. In addition, we choose ./x*- k’ positive for

Re(&) > kr, Im(&) = 0. The exact evaluation is carried
out by a specific choice of T(x) = (x), where 3(x) is the
Dirac delta function, which yields T"(¢) = 1.
Consequently, the inverse Fourier transform of (7)
yields the inversion integral

1 1
MNE 200 e
T

2p
Where c is parallel but above and below to the negative
and positive real axis respectively, as shown in Fig. 1.

wy)= -

. ixx- x- K2y dx (8)

Fig. 1: Path in the x -plane.

With the introduction of x =r cos 6 and y = r sin 6, the
integral equation (8) reduces as

-ir{(cosq- i K sinq}dX

1. 1
—= e
2p (C)\/x2 - K
©)

This inversion integral is equivalent to the most often
used inversion integral in elastodynamics given by

ir{(cosq- i yx2- kE sinq}dx

w(x,y) =

wixy) = g f(r.gx)e

C

where the contour c is in the complex & - plane.
Application of the Cagniard-de Hoop method was the
standard approach to find the solution, in which focus
was to search a contour c¢; such that whenever & is on
C1,

S = xcosq- iyx*- kI sing.

This equation can be solved for x as:
X = S cosq+ i,/S?- kZ sin g, which yields the

¢ d e i
hyperbola gReC) ff elm_(x) U =1 provided
% cosql & singj

S%- k’3® 0 withSto be real.

The required contour was branch of this hyperbola that
lies in the right- half of the & - plane as shown in Fig. 2.
Consequently, the multiple valued function /x* - k?

was made single-valued function by introducing branch
cuts emanating from the branch points +k; and going
to the left and right along the real axis. The branch was

chosen which has positive real part for § on ¢;. The
ultimate solution was the Hankel function of second

kindw(x,y) = IEH(‘)Z’(kT r).

Noble® considered the same inversion integral with
the assumption that K- is complex and

£=-K; cos(6+ i t), where -0 <t <o
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Fig. 2: Change of contour in the &-plane.

Consequently, the solution was

iEH(‘f’(kT r) if K; has small positive imaginary part
and

iEH(‘)Z)(kT r) if k; has small negative imaginary part.

Both Achenbach™ as well as Noble ¥ searched the
solution(s) by simplifying the inversion integral.
Solution was very much dependent on the choice of
branch cuts, branches, and their behaviors along the
appropriate selected contour.  Different modes of
solution obtained for the same problem required further
investigations of the inversion integral and the
corresponding solution.

3. INVESTIGATION AND DISCUSSION

Consider the multiple valued function
f(x) = /x*- k? with two of its branches f,(x)and
f,(x) defined by

i(q+ 6
f,(x)= Jrr, e (10)
Where
n=1|x-k|>0r=[x+k|[>0
q = arg(x- k);0<q < 2p,
G = arg(x+ ki );- p<q<p.
(g + iy
f,(x) = Jrr, e (1)
Where

n=1|x-k|>0r,=
g = arg(x- k;);2p < g < 4p,
G = arg(x+ ki );- p<q<p.

Now, let us investigate the mapping properties of f; (&):
If € lies in the first quadrant then; max(qg, + @,) = p

min(qg, + q,) = 0, that
0< (o + q2)/2< p/2, concluding that 1° quadrant

X+ ki |> 0,

and which  yields

maps into 1 * quadrant. If £ lies in the second quarter
then; max(q, + @)= 2p and min(q + @,) = p

which yields p/2 < @+ oa)/z < p, concluding that

2" quadrant maps into 2" quadrant. If & lies in the
third  quarter then;  max(q, + @,) = p and

min(q, + @,) = 0, which that
0< (g, + qz)/2< P4, concluding that 3" quadrant

yields

maps into 1% quadrant. Similarly; If & lies in the fourth
quarter then; max(q, + g,) = 2p and
min(g, + @) = p,
Por< (@+ qz)/2 < p, concluding that 4" quadrant

which yields

maps into 2™ quadrant.

Line segment -k < Re(€) < 0 and 0 < Re (&) < k maps
into 0 < Im(&) < k (twice) i.e., -k < Re(&) < k maps into
0 < Im(&) < k. The positive and negative imaginary axes
map into the ray Im(&) > k.

It is interesting to observe thatf,(x) = - f,(X); hence,
we may also conclude that f,(x) maps; 1* quadrant
into 3 quadrant, 2" quadrant into 4" quadrant, 3"
quadrant into 3" quadrant, and 4™ quadrant into 4"
quadrant.

Line segment -k < Re(&) < 0 and 0 < Re (&) < k maps
into -k < Im(&) < 0O (twice) i.e., -k < Re(&) < k maps
into -k < Im(&) < 0 The positive and negative
imaginary axes map into the ray Im(€) > -k.

To evaluate

1. 1 . 72
W(X,y) = - _2p O XZ_ k2 e- |xx-«x-kTYdX, (12)
c T

we need a branch of multiple-valued function

f(x) = \x*- kZ , which has positive real part along
the contour of integration. The only possible contour
for the first branch f(x) with the condition that

Re («/x2 - k? ) > 0is the contour as shown in figure 3.

Fig. 3: Contour of f,(x) in the & -plane.

The only contour for the second branch f,(x) with the
condition that Re («/x2 - sz)> 0 is the contour as

shown in Fig. 4.
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Fig. 4: Contour of f,(x)in the x -plane.
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Hence, we conclude that f,(x) = is an

appropriate choice. Consideringx=rcos 6,y =rsin
with 0 < <, the integral (Eq. 12) reduces as

1 1
wWXY)= - —0 57—

2p ? N S
where S = xcosq- ix*- k? sing.

To apply Cagniard-de Hoop method, we need a contour
¢y in &-plane such that whenever € is on c;, S must be

real. Let us consider 0< gq< p/2, f,(x) maps the

first  quadrant
X=X +iX,,

e itdx (13)

into the third quadrant and if
where x, > 0, x, > 0, then

Jx2- ki = - x,- ix, for some real x,> 0, x, > 0,
and

S = xcosq- i/x*- kZsing

S = (xcosq- x,sinQ)+ i(x,cosq+ x,sinq),
(15)

wherein the imaginary part on right hand side can not
be equal to zero. Hence, we deduce that no part of c;
can be in the 1% quadrant. Similarly, it can also be
shown that no part of c, can be in the 4" quadrant.
Hence, we conclude that if ¢, exists, it exists only in the
left-half plane. Similarly, if k, > k; > 0 and x = x,

in the 2" quadrant then

(14)

X, = - k,cosq+ imsinq, (16)
which can be rewritten as

X2 - k2 = (k% - kZ cosq- ik, sing a7
thus,

X, oS q - imsinq: - k. (18)

Hence c, exist in the 2" quadrant and S is negative
along this contour. Similarly, taking & = & in the 3™
quadrant, it can be seen that c; exist in the 3" quadrant
and S is again negative along this contour.

Hence, we deduce that for 0 < g < % ¢, is the branch

é g ¢ i
of the hyperbola gRe ) U - le_(x) U = 1, which
% cosql| &; sinqg}

lies in the left-half plane as shown in figure 5.

A
\\ i
< B L -
)/
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v

Fig. 5: Change of contour as C; in the & -plane.

By considering appropriate arcs with large radii,
contour ¢ can be deformed as c;. As radii —o, the
integration vanishes and consequently,

¥

W(xy): i‘—l M
, 2p 8 VX - ke Tk

ke

eirkjdk1 +

151
20 O fa- 12 1k,
Considering X2 - k? = k?- k? cosq- ik, sing and

- k2 = - JkZ- K cosq- ik sing, the above
integral reduces the solution as Hankel function of first

eirk]dkl_

kind w(x,y) = IEHél)(kTr). Similarly, if %< q<p

then c¢; will be that branch of the hyperbola
é d ¢ d
gReX g & IMX {1 which lies in the right-
% cosql| &; sinqg}

half plane and the end solution is Hankel function of
first kindw(x, y) = IEHél)(kTr) .

4. COMPARISON AND CONCLUSION

Even earlier than 1973, Achenbach had investigated
this problem of half-space subjected to anti-plane
surface disturbance. He obtained a solution

w(x,y) = IEH(‘)Z’(kTr). This solution was obtained by

assuming the pivotal parameter

S = xcosq- i/x’- k sing to be real and positive.
This parameter played significant role in applying the
Cagniard-de Hoop method.

32



IIUM Engineering Journal, Vol. 2, No. 2, 2001

M Azram

In our analysis, investigations were carried out in detail
about the choice of branch cuts, branches and their
behavior in different quadrants of the & - plane.
Investigations show that the contour which simplifies
the inversion integral, may or may not exist in some
part of the & - plane and is very much dependent on
the position of the point. To apply Cagniard-de Hoop
method, the choice for the required contour c; to
simplify the inversion integral depends particularly on

0. In the half-plane, if % < < p,Cc, must be selected

as that branch of hyperbola which lies in left-half of € -
plane. While for% < < p, the contour c; must be
selected as that branch of hyperbola which lies in right-
half of &-plane. Corresponding to the contour in figure
1, the contour c; is as shown in figure 5 rather than as
shown in figure 2. The parameter S is real but negative
for all value of 0< g < p. The ultimate solution is

w(x,y) = 'EHé”(kTr) .

In this paper, we have discussed an immensely
important problem from applications prospective but
unique in nature because it has an exact solution. Our
investigations reflect that a good understanding of
mathematical ~ formulation and a considerable
knowledge in applied mathematics are the essential
ingredients to deal and understand the challenging
phenomena of wave propagation.
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