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ABSTRACT: This work analyses the effect of elliptical cracks on a pipe with double 
slope thickness transition, using the extended finite element method (XFEM), level sets 
were defined to describe the three-dimensional (3D) cracks. The Computation of the 
stress intensity factors (SIFs) of cracks is performed. The values of SIFs are compared 
between straight pipes and pipes with a double (single) slope thickness transition. The 
results show that the XFEM is an effective tool for modelling cracks in pipes. A 
pressurized pipe with double slope thickness transition is more sensitive to the defect in 
comparison with another type of pipe. Parameters of the transition zone have an effect on 
stress intensity factors, precisely, the parameters of the first thickness transition are more 
influential on the gravity of the defect compared to the second thickness transition. 

ABSTRAK: Kajian ini menganalisa kesan retakan elips pada paip dengan peralihan 
ketebalan cerun berganda, menggunakan kaedah elemen terhingga dipanjangkan 
(XFEM), set tahap ditentukan bagi menentukan keretakan tiga dimensi (3D). Pengiraan 
faktor intensiti tekanan (SIF) retakan dilakukan. Nilai SIF dibandingkan antara paip lurus 
dan paip peralihan ketebalan cerun berganda (tunggal). Hasil kajian menunjukkan 
bahawa XFEM adalah alat yang berkesan bagi memodel keretakan paip. Paip bertekanan 
mengikut peralihan ketebalan cerun berganda, lebih sensitif terhadap kecacatan 
berbanding paip lain. Parameter zon peralihan mempunyai pengaruh terhadap faktor 
intensiti tegangan, tepatnya, parameter peralihan ketebalan pertama lebih mempengaruhi 
pada graviti kecacatan berbanding dengan peralihan ketebalan kedua. 

KEYWORDS: extended finite element method (XFEM); pipe with double slope thickness 
transition; stress intensity factors (SIFs); three-dimensional cracks 

1. INTRODUCTION
Presently, pressure equipment is used in various applications, such as energy

production and chemical industry [1-4]. In the field of pressure equipment, cylindrical or 
spherical structures are often found, those shells can be affected by axi-symmetric or semi-
elliptical internal or external cracks, it is then very important to evaluate the influence of 
these cracks on pressure equipment [5]. 
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The French Alternative Energies and Atomic Energy Commission (CEA) [6] 
developed the finite element software (Castem) for structural and fluid mechanics [7]. 
CEA [6-8] used the finite element method (FEM) to investigate straight pipes with 
circumferential cracks. The field of pressure equipment also deals with the thickness of 
transition pipes, these pipes are classified into two types: transitions with a single slope 
and transitions with a double slope [3,4]. Those structures correspond to a connection 
between two cylinders of the same internal radius but with different thicknesses, those 
structures are subjected to circumferential cracks at the base of the thickness transition, 
those defects are modelled as cracks located in a pipe of uniform thickness t [1,3,4]. 

Using FEM, Rahman et al. [1] evaluated the effect of the thickness transition zone on 
the crack opening displacement (COD), [1] showed that the thickness transition produces a 
dissymmetric distribution of the COD on the crack lips. Hariri [3,4] used 3D finite element 
method (FEM) to study transition with a single slope containing elliptical crack subjected 
to tensile stress and bending moment, the result showed that for elastic plastic material, the 
thickness transition zone is the weakest position of the whole pipe. 

The traditional finite element calculations have a cumbersome cost in the modelling 
of a crack. The accuracy of the results in the FEM depends on the mesh refinement, but a 
fine mesh implies a large number of nodes, so it requires a long calculation time [8]. 
Hence, XFEM is introduced to facilitate the solving of crack problems in complex 
geometries. In this work, the XFEM is used to analyse in 3D the external circumferential 
elliptical cracks in the thickness transition zone. In this method, the standard finite element 
approximation is locally enriched to discontinuities modelling [9,10]. For stationary 
cracks, the XFEM gives an accurate result, thanks to enrichment functions even with 
coarse meshes near the crack tip [9]. The XFEM was initiated by Belytschko and Black 
[11]. Stolarska et al. [12] coupled between the level set method (LSM) and XFEM to 
investigate the problem of cracks. 

In the field of pressurized equipment, [13] used the XFEM to study the fracture 
behaviour of pipes under internal detonation loads. Sharma [14] performed a numerical 
investigation with XFEM to evaluate the stress intensity factor of a semi-elliptical crack in 
a pipe band. 

Using the XFEM to investigate the effect of the crack on a thickness transition with 
two slopes besides evaluating the influence of transition zone on SIF were however not 
treated in [3], also, taking account of internal pressure was required to complete the work 
in [3]. The purpose of this work is the application of XFEM to evaluate the effect of a 3D 
external circumferential crack in thickness transition with a double slope in a pipe and 
investigate the effect of the parameters of the transition zone on SIF. 

2. XFEM METHODOLOGY
2.1  XFEM Formulation 

Using enrichment functions, the displacement approximation U is given by Eq. (1) 
[9]:  

(1) 

where Ni is the standard finite element (FE) function of node i. ui is an unknown of the 
standard FE part at a node i. N is a set of all nodes in the domain. Nd  is a nodal subset 
of the enrichment Heaviside function H(x). 
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(2) 

where ( )x is the normal level set function. ia is an unknown of the enrichment H (x) at a 

node i , these nodes are surrounded by a square in Fig. 1. pN N is a nodal subset of the
enrichment , the tip of the crack is described by four enrichment functions [9]. 

(3) 

where 2 2( )r and 1tan ( ) with and are respectively normal and tangential

level sets. 
ib is an unknown of the enrichment at a node i , these nodes are surrounded by a circle 

in Fig. 1. 

Fig. 1: The strategy of the enrichment in XFEM. 

2.2  Calculation of SIF in XFEM 

   The energy release rate G is the energy released for a crack advance, the G- theta is a 
method that calculates the J -integral in elastic-plastic behaviour [16]. Rice [15] showed 
that the J-integral can be approached by the energy release rate G in the elastic range. 

Let  I,  a point in crack front C, c  a crack surface that is composed with an outer 
surface c and an inner surface .c We consider V a volume containing the crack front 
C (red arc in Fig. 2a) with 0 1 2c cV .  For calculating the SIF in XFEM, the
level sets are used as a local basis at the crack front. 
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Fig. 2: (a) The domain V in integral J computation, a (b) example of  field in 2 
dimensions. 

Sukumar [17] has used the gradient of the level sets, [16] has defined this local basis (Fig. 
3) by 1 2,e e  and  3 1 2e e e . 

Fig. 3: The local basis on the crack front. 

J is expressed in a local basis (Fig. 6) formed of level set functions, J is given by Eq. (4) 
[16]: 

(4) 

where i jP  is the Eshelby tensor [17], it is given by Eq. (5): 

(5) 

where w is the elastic energy density, and  are respectively stress and strain expressed 
in the basis ( , , )1 2 3e e e (Fig.3).  is a field of displacement parallel to the plane of the crack 
and normal to the front (Fig. 2. b), it is defined by Eq. (6): 

(6) 

For elastic behaviour of materials, G is deduced from the J -integral by Eq. (7) [9]: 

(7) 
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The SIF is deduced from G by Eq. (8) [9]: 

(8) 

2.3  The Meshing of the Cracked Pipe 

The cracked pipe is symmetrical, so we modelled only a half-pipe with thickness 
transition and an external elliptical crack (Fig. 4b), we used 3150 XFEM XC8R elements 
with 512 Gauss points in block crack. We used 18080 standard elements CUB8 for the rest 
of the mesh. The thickness transition with two slopes is generally located at the outlet of 
reservoirs (valves) [3], therefore in boundary conditions, we fixed the displacement of the 
end of the thicker part of the pipe, in addition, we blocked the translation and the rotation 
in yu and zu axes by applying symmetry boundary conditions (Fig. 4a). In this study, the 
crack is represented by level sets, we defined a normal level set from the crack front (red 
bow Fig. 4b) and tangential level function from the crack face. 

Fig. 4: (a) Cracked half –pipe with thickness transition with double slope, (b) meshing 
of the crack. 

(a) 

(b) 
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The normal level set  (PHI) gives the distance of a point x to the surface of the crack 
and the tangential level set  (PSI) gives the distance of a point x to the crack tip, these 
level functions define the crack as follows: for a point x of the solid (Fig. 5a): 

(9) 

Fig. 5: (a) Representation of a crack with level sets, (b) normal level set, PHI, (c) 
tangential level set, PSI. 

3. GEOMETRY AND LOADING
The study considered the elastic behaviour of the material in P265GH steel with the

following properties. The geometries of the studied cracked pipes are defined by 
dimensionless parameters: 

- A fraction of thickness t on the inner radius of the pipe: ( / iR ).
- Shape parameter defining elongation of the elliptical crack: (a/c).
- The depth of the defect standardized by the thickness of the tube: ( 1/a t ).

In the present work, we model a pipe of average thickness ( / iR =0.1), the parameter (a/c)
takes values 1, 1/2, 1/4, and 1/8, ( 1/a t ) takes values 0.1, 0.2, 0.4, 0.6, 0.8. This gives a set 
of 20 geometries. 

(a) 

(b) (c) 
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Table 1: Properties of P265GH steel 

Young's modulus, 
E, ( )MPa

Yield stress, , ( )MPa Poisson’s 
ratio,  

Breaking stress,
, ( )u MPa

Nominal stress, 
, ( )f MPa

200000 320 0.3 470 148 

Elliptical cracks are considered to be located at the base of the transition in the thin part of 
the pipe (Figs. 4 and 6). 

The study considered pipe with thickness transition with a single slope ( , , ) and
thickness transition with double slopes ( , , , , )  (Fig. 6). Pressurized pipe with
thickness transition is a connection between pipe of thickness assembled to another pipe
of a thickness t2  and t3  (t3 > t2 > t1). 

 

Fig. 6: Geometry of different types of pipes: (a) straight pipe, (b) pipe with thickness 
transition (single slope), (c) pipe with thickness transition (double slope). 

 is the thickness of the pipe, with j  {1, 2, 3}. ( )j  is the slope of a thickness transition
in a pipe with j  {1, 2}. SIF, (K) is the stress intensity factor. The purpose of this study is 

(a) 

(b) 

(c) 
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the investigation of the impact of  and ( )j on the stress intensity in a pipe with thickness

transition. So, we consider  and ( )j as variable parameters, and analyse their effect on
SIF. 

Pipes are subjected to an internal pressure P (Fig. 7), for the purpose of comparison 
with the straight cylinder, the internal pressure is calculated in the thin part (thickness )
of the pipe with thickness transition, P is calculated according to the CODAP (C2.1.4.2) 
instructions [18]: 

(10) 

where z is the welding coefficient. eRm iD R is the inner diameter of the pipe. iR and eR are 
respectively inner and outer radius of thin pipe where e 1R it R . So, Eq. (10) becomes:

(11) 

The internal pressure is P = 14MPa, this pressure does not cause general plastic 
behaviour in the pipe of an average thickness ( 1 it R = 0.1). 

(a) 

(b) 

Fig. 7: Pipe with thickness transition: (a) subjected to internal pressure, 
(b) Von Mises stress.
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4. RESULTS AND DISCUSSION
4.1  Verification of the XFEM model 

The Castem 2016 software [7] was used for modelling and calculation; it has XFEM 
and G-Theta capabilities. The position of a point P on the crack front is defined by the 
angle ( ) (Fig. 8),  takes the value of 90° at the deepest point (D point) and 0° at the 
surface point (S point), those two points characterize the semi-elliptical crack. In general, 
the evaluation of SIF at those two points is enough to judge the severity of the defect. At 
those points, the average value of K is given by Eqs. (12) and (13) [8]: 

(12) 

(13) 

Fig. 8: Definition of average values on the element [8]. 
The French Alternative Energies and Atomic Energy (CEA) [6] studied straight pipes 

containing external circumferential cracks, CEA [8] calculated the influence factor ( 0i ) 
using the finite element method (FEM). 

(14) 

where P is the pressure calculated in Eq. (10) and K is the SIF calculated by the G – Theta 
method in XFEM. The verification of the model was made by the comparison of the 
values 0i calculated by XFEM in the present paper and the results of CEA [8]. The 
relative error was calculated according to the Eq. (15): 

(15) 

0i is calculated at D and S points and along the crack front (Fig. 8) for all fractions (a/ ) 
and (a/c), a sample of the results is presented in Figs. 9-11. The relative error between the 
XFEM results and literature [8] is between 0.09% and 0.7%. This gives confirmation to 
use numerical simulation based on XFEM to investigate the SIF at a thickness transition 
with one and two slopes in pressurized pipe. 
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Fig. 9: Comparisons of 0i calculated by XFEM in the present study 
with the literature [8], at S point, 1 / it R = 0.1. 

Fig. 10: Comparisons of 0i calculated by XFEM in the present study 
with the literature [8], at D point, 1 / it R =0.1. 

Fig. 11: Comparisons of 0i calculated by XFEM in the present study 
with the literature [8], along the crack front. 
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4.2  Comparison between K of the Pipe with Uniform Thickness and the Pipe with 
Thickness Transition 

In a previous paper, we analysed the effect of cracks in the thickness transition zone 
of pressurized pipes using XFEM [19,20]. We have considered the elastic behaviour of the 
material and thickness transition with a single slope. The calculations of K for different 
geometries of the pipe subjected to internal pressure showed that cracks in the transition 
are the most severe. This result is in concordance with [3] which considered tensile stress 
and a bending moment. The present paper extends the previous work to the case of 
thickness transition with two slopes. 

Figures 12 and 13 present the evolution of K value according to a/  in deepest and
surface points in case of 1 / it R =0.1, for three types of pipes: uniform thickness, thickness 
transition with one slope, thickness transition with two slopes. 

Fig. 12:  Evolution of K value according to a/t for pipes: uniform thickness, 
transition thickness with one slope, transition thickness with one slope,  

D point, 1 / it R =0.1, internal pressure. 
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Fig. 13: Evolution of K value according to a/  for pipes:
uniform thickness, transition thickness with one slope, 

transition thickness with one slope, S point, 1 / it R =0.1, internal pressure. 

The results show that for the deepest point we have: 

K increases when 1/a t  increases for all types of pipe that to say K is higher for
depth crack ( 1/a t =0.8) for all pipes with different thicknesses and slopes.
K is sensitive to the parameter a/c, K increases when a/c decreases for
all depths of the crack ( 1/a t ), that's to say K is higher (14 MPa) for longer crack
(a/c=0. 125).
K is high for pipe with thickness transition, at the same time thickness transition
with two slopes have the highest K for all forms of cracks.

The results show that for the surface point we have: 

K depends on the parameter a/t for different pipes
K varies slightly when a/c decreases for all depths of the crack ( 1/a t ), for a/c
=0. 125 K attain only 5 MPa.

As a result, in the case of a pipe with an average thickness ( 1 / it R =0.1), for a fixed angle = 30°and = 45°, we found that the thickness transition with two slopes has the
greatest value of K, so it presents the greatest risk compared to the straight pipe and pipe 
with  thickness transition and a single slope. 
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Do these values of = 30° and = 45°,  lead to a greater value of K? How does the
variation of the parameters ,  and   (j  {1,2,3}) influence the variations of K for a
pipe with average thickness? 

4.3  Effect of the Transition Zone on the Variation of K 

Based on the triangular relation, the length of the thickness transition is related to the 
angle of the slope by the following relation: 

(16) 

(l) mainly depends on ( ), ( ),  . We consider those parameters as
variable and analyze their effect on the variation of K. 

4.3.1 Effect of the Slope in Thickness Transition on the Variation of K 

In this study, we considered a pipe with an average thickness where ( )= ( )
=2.5, the pipe contained an elliptical crack defined by a/c=0.125 and a/ =0.8, the pipe  is
exposed to internal pressure .  Figure 14 (a) presents the evolution of K according to  for a fixed value of  in a deepest and surface points.

The result shows that K increases when  increases, K attains the maximum
(  = 55 ) for  =30°. For  > 30°, K decreases and tends to stabilize
to equal a great value compared with the value of K when  < 30°.

K in deepest point is higher than K in surface point for 20° < <  50° but for  >50°     exceeds   . The transition reacts as an amplifier of stress,
it magnifies the stress close to the surface, so the value of K is higher for the great value of  

 (  > 50° ) of the slope of the first transition (  is fixed). When  decreases
( <  50°), the concentration of the stress decreases at S point, because at S point, the
thickness transition impact noticeably reduces in comparison with the effect of internal 
pressure which increases the concentration of stress in the deepest point. Therefore, the 
value of K at D point becomes higher compared to the value of K in the surface point for 
small values of .

Fig. 14: Variation of K at deepest and surface points: 
(a) According to 1, (b) According to 2.

Figure 14 (b) presents the evolution of K according to  for a fixed value of  in
deepest and surface points. The result shows that K increases in a weak way, when  
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increases and it attains the maximum (  = 29 ) for =45°.  For  >45°, K  keeps a stable value, At the same time, the values of K at the deepest point are 
close to those of K at the  surface point for all values of  , that’s to say the angle of the
slope   does not have a great effect on the variation of K.

As a result, the slopes  30° and 45° present a grave case for thickness
transition with a double slope, also  the angle of the first slope(  ) in thickness transition
has more impact on the variations of K than the angle of the second slope ( ).

4.3.2 Effect of Parameters (   , ( )) and (   , ( )) on the Variation of K in
Thickness Transition with a Double Slope 

In the part (4.3.1), we supposed  and   as variables  and analyzed their effect on
the variation of K in thickness transition for fixed values of  ( ) and ( ). In this
part, firstly ,we consider    and ( ) as variables and we fix ( )  and   , in this
case, the parameter   is varied within the range of 5°to 50°and the ratio ( ) is varied
from 1.1 to 6, secondly, we vary  and ( ) and fix other parameters, the ratio ( )
is varied from 1.1 to 4. 

Figure 15a-b present the variations of K according to the parameters  and ( ),
for ( )  =1.30 and  =30°at deepest and surface points. Figure 15a-b, show that for
both D and S points, we have: 

For 1.1 ( ) 1.5, the value of K is high and exceeds the toughness of
materials P265GH ( =96MPa  ).
For  all values of  , in the case of  1.5 < ( ) , we note that K decreases when( ) increases and stabilizes for ( ) greater than 4.5.
For 30°, K takes the greatest value for all ( ).

  As a result, the great value of the angle of the first slope in a cracked pipe has an 
important effect on the variation of K, more precisely 30° is a grave case for the
construction of the pipe and increasing the ratio of thicknesses ( ), is  an effective
way to reduce the risk of the defect in a pipe. 

Figure 15c-d present the variations of K according to the parameters  and ( ),
for ( ) =1.40 and  =30°at deepest and surface points. The curves of stress intensity
show that for D and S points, we have: 

In the case of  30°; K exceeds the toughness of materials ( ), K decreases
when ( )  increases.
In the case of  < 30°; K increases when ( )  increases but it but this
evolution of K as a function of ratio  ( ) is not remarkable.

As a result, the parameter ( )  does not have more impact on the variation of K in
thickness transition with a double slope for a pressurized pipe. 

4.3.3 Effect of Parameters ( , ( )) and ( , ( )) on the Variation of K in
Thickness Transition with a Double Slope 

Proceeding as before; we analysed the evolution of K in the thickness transition by 
fixing two parameters of the transition zone and varying the rest. 
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Fig. 15: Variation of K at deepest and surface points: 
(a-b), according to   ( ), (c-d), according to   ( ).

Figure 16a-b present the variations of K according to the parameters and ( ),
for ( )  =1.30 and  =20°at deepest and surface points. The parameter  is varied
within the range of 10°to 50°and the ratio ( ) is varied from 1.1 to 6. The result shows
that the stress intensity curves don’t depend on the variation of  for S and D points. The
variation of K relates mostly on the parameter ( ) of the first thickness transition, the
range 3.5 ( ) 4 allows small values of K (K<9MPa).

Figure 16c-d present the variations of K according to the parameters  and( ),
for ( ) =1.40 and  =20° at deepest and surface points. The ratio ( ) is varied
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from 1.1 to 4.5. The results show again, that  does not have enough effect on the
variation of K, in addition,  K increa,ses when ( ) increases but this variation of K is
not very remarkable, the range 1.5 ( )  2.5 allows small values of  K (K < 35
MPa). 

As a result, the parameters of the thickness transition in a pipe have an influence on 
the variations of K, precisely the parameters of the first thickness transition ( , ( ))
are more influential on the gravity of defect compared to the second thickness transition 
( , ( )).

Fig. 16: Variation of K at deepest and surface points: 
(a-b) According to   ( ), (c- d) According to   ( ).

5. CONCLUSION
In this paper, we analysed the effect of an external circumferential elliptical crack

located at the thickness transition zone of a pipe with double slopes. The study showed 
that for the surface and the deepest points, the angle = 30° and  1.1 ( ) 1.5
are grave cases of the first slope of the thickness transition. The angle = 45° and (

 )=3.5 lead to an increase in the value of K but in general, the effect of the son slope
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isn’t remarkable, that is to say the parameters  (   , ( ) ) are more influential than the
parameters (  , ( ) ).

Considering the internal pressure, this work highlighted the investigation of a 3D 
crack problem in a thickness transition pipe using XFEM. In XFEM, level sets and 
enrichment zone were defined. A crack is easily modelled by enrichment functions. The 
comparison between the stress intensity factors showed that the pipe containing a 
thickness transition with double slopes is more sensitive to the considered cracks. The 
decreasing of the angle of slopes and the increase of the ratio of thickness is one effective 
method of reducing the SIF. 
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